Abstract. In the literature, there are two different notions of pseudosymmetric manifolds, one by Chaki [9] and other by Deszcz [30], and there are many papers related to these notions.
Introduction
The geometry of a space mainly depends on the curvature of the space. One of the most important geometric property of a space is symmetry. The study of symmetry of a manifold began with the works of Cartan [8] and then his notion has been weakened by various authors in different directions with several defining conditions by giving some curvature restrictions. Cartan first classified complete simply connected locally symmetric spaces [8] for the Riemannian case and the same was done for non-Riemannian case by Cahen and Parker ( [5] , [6] ). Latter various weaker symmetries are studied as generalizations or extensions of Cartan's notion such as recurrent manifolds by Walker [123] , generalized recurrent manifolds by Dubey [53] , quasi-generalized recurrent manifolds by Shaikh and Roy [112] , weakly generalized recurrent manifolds by Shaikh and Roy [113] (see also [81] ), hyper-generalized recurrent manifolds by Shaikh and Patra [110] , semisymmetric manifolds by Cartan [8] (and classified by Szabó [117] , [118] , [119] ), pseudosymmetric manifolds by Deszcz [30] , pseudosymmetric manifolds by Chaki examples with various new metrics, which compelled us to introduce the notion of generalized Roter type manifolds.
Preliminaries
Let (M, g), n = dim M 3, be a semi-Riemannian manifold, i.e. connected smooth manifold equipped with a semi-Riemannian metric g. We denote by ∇, R, S, κ, the Levi-Civita connection, the Riemann-Christoffel curvature tensor, Ricci tensor and scalar curvature of (M, g), respectively. Now for (0, 2)-tensors A and D, their Kulkarni-Nomizu product (see, e.g., [33] , [36] , [45] , [56] ) A ∧ D is given by
where X 1 , X 2 , Y 1 , Y 2 ∈ χ(M), χ(M) being the Lie algebra of all smooth vector fields on M.
Throughout the paper we consider X, Y, X i , Y i ∈ χ(M), i = 1, 2, . . ..
A tensor B of type (1, 3) on M is said to be generalized curvature tensor (see, e.g., [33] , [36] , [45] ), if (i) B(X 1 , X 2 )X 3 + B(X 2 , X 3 )X 1 + B(X 3 , X 1 )X 2 = 0, (ii) B(X 1 , X 2 )X 3 + B(X 2 , X 1 )X 3 = 0, (iii) B(X 1 , X 2 , X 3 , X 4 ) = B(X 3 , X 4 , X 1 , X 2 ), where B(X 1 , X 2 , X 3 , X 4 ) = g(B(X 1 , X 2 )X 3 , X 4 ), for all X 1 , X 2 , X 3 , X 4 . Here we use the same symbol B for the generalized curvature tensor of type (1, 3) and (0, 4). Moreover if B satisfies the second Bianchi identity i.e., (∇ X 1 B)(X 2 , X 3 )X 4 + (∇ X 2 B)(X 3 , X 1 )X 4 + (∇ X 3 B)(X 1 , X 2 )X 4 = 0, then B is called a proper generalized curvature tensor. Throughout this paper we denote by B the generalized curvature tensor unless otherwise stated. The Weyl projective curvature tensor P of type (1, 3) is given by P (X 1 , X 2 )X 3 = R(X 1 , X 2 )X 3 − 1 n − 1 (S(X 2 , X 3 )X 1 − S(X 1 , X 3 )X 2 ) , which is not a generalized curvature tensor as it does not satisfy the condition (iii). Some most useful generalized curvature tensors are Gaussian curvature tensor G, Weyl conformal curvature tensor C, concircular curvature tensor K and conharmonic curvature tensor conh(R), which are respectively given by
Now for a generalized curvature tensor B and given two vector fields X, Y ∈ χ(M) one can define an endomorphism B(X, Y ) by B(X, Y )(X 1 ) = B(X, Y )X 1 , for all X 1 ∈ χ(M).
Again if X, Y ∈ χ(M) then for a (0, 2)-tensor A one can define an endomorphism X ∧ A Y , by
Let T r k (M) be the space of all tensor fields of type (r, k) on M, r, k ∈ N ∪ {0}. Now for T ∈ T 0 k (M), k ≥ 2, and a generalized curvature tensor B one can define a (0, k + 2) tensor B · T given by (see, e.g., [26] , [33] , [36] , [45] ) B · T (X 1 , X 2 , . . . , X k ; X, Y ) = (B(X, Y ) · T )(X 1 , X 2 , . . . , X k ) = −T (B(X, Y )X 1 , X 2 , . . . , X k ) − · · · − T (X 1 , X 2 , . . . , B(X, Y )X k ), and for a (0, 2)-tensor A one can define a (0, k + 2)-tensor Q(A, T ) as (see, e.g., [26] , [33] , [36] , [45] , [120] )
In terms of local coordinate system, B · T and Q(A, T ) are given by
where g pq , B hijk , A pq and T i 1 i 2 ...i k are the local components of the tensors g −1 , B, A and T , respectively.
For an 1-form µ and a vector field X on M, we can define an endomorphism µ X as
Then we can define µ X as an operation on a (0, k)-tensor field T as follows:
For a complete classification with generalized curvature tensor and equivalency of various types of pseudosymmetric conditions, we refer to [107] .
In particular, if T = R (resp., B, S, P ) then the manifold is called semisymmetric (resp.,
K, conh(R)) then the manifold is called conformally (resp. concircularly, conharmonically) semisymmetric manifold.
Definition 2.2. ([1]
, [27] , [30] , [39] ) A semi-Riemannian manifold (M, g), n 3, admitting
In particular, if T = R (resp., B, S, P ) then the manifold is called Deszcz pseudosymmetric (resp., B-pseudosymmetric, Ricci pseudosymmetric, projectively pseudosymmetric). Again, if 
For details about the Deszcz pseudosymmetry, Ricci generalized pseudosymmetry, as well other conditions of pseudosymmetry type we refer the reader the papers: [1] , [13] , [24] - [52] , [56] , [57] , [60] , [61] , [78] and also references therein.
We note that [39] is the first paper, in which manifolds satisfying R · R = L R Q(g, R) were called pseudosymmetric manifolds. We also mention that in [60] it was proved that fibres of semisymmetric warped products are pseudosymmetric (cf. [61] , Section 7).
It seems that the Schwarzschild spacetime, the Kottler spacetime, the Reissner-Nordström spacetime, as well as some Friedmann-Lemaître-Robertson-Walker spacetimes are the "oldest"
examples of non-semisymmetric pseudosymmetric warped product manifolds (cf. [41] , [61] ).
The Schwarzschild spacetime was discovered in 1916 by Schwarzschild and independently by Droste during their study on solutions of Einstein's equations (see [76] and references therein).
In this context we also mention the work of Deszcz et. al. [46] and [42] for the curvature properties of Gödel metric and interior black hole metric, respectively. But in 1987 Chaki [9] defined a different notion with defining condition having first order covariant derivative and named also pseudosymmetry.
holds on the set U L = {x ∈ M : ∇T = 0 at x}, where φ is the associated 1-form.
In particular, if T = R (resp., B, P ) in (2.2) then the manifold is called Chaki pseudosymmetric (resp., B-pseudosymmetric, projectively pseudosymmetric) manifold. Again if T = C (resp. K, conh(R)) then the manifold is called Chaki conformally (resp. concircularly, conharmonically) pseudosymmetric manifold. Throughout the paper we denote the Chaki pseudosymmetric manifold by (CP S) n . For details about the Chaki pseudosymmetry with various curvature tensors, we refer the reader the papers [9] , [11] , [12] , [18] and also references therein. T is said to be weakly T -symmetric by Tamássy and Binh [121] if
holds on the set U J = {x ∈ M : ∇T − ξ ⊗ T = 0 for any 1-form ξ at x}, where α, β,β, γ andγ are associated 1-forms and we say that (α, β,β, γ,γ) is a solution of this weakly T -symmetric manifold.
In particular, if T = R (resp., B, P ) then the manifold is called weakly symmetric (resp., Bsymmetric, projectively symmetric) manifold by Tamássy and Binh. Again if T = C (resp. K, conh(R)) then the manifold is called weakly conformally (resp. concircularly, conharmonically) symmetric manifold by Tamássy and Binh. Throughout the paper we denote weakly symmetric manifold by (W S) n . For details about the study of weak symmetry with various curvature tensors and structures, we refer the reader the papers [14] - [17] , [20] , [22] , [62] , [83] , [86] , [91] - [95] , [98] , [102] - [105] , [114] and also references therein. For decomposable and warped product weakly symmetric manifolds we refer the reader to see [4] and [106] .
holds on the set U F = {x ∈ M : ∇Z = 0 at x}, where ψ is the associated 1-form.
In particular, if Z = S then the manifold is called Chaki pseudo Ricci symmetric and throughout the paper we denote such a manifold by (CP RS) n . For details about the study of (CP RS) n , we refer the reader the papers [2] , [10] and also references therein.
Z is said to be weakly Z-symmetric by Tamássy and Binh [122] if
holds on the set U Q = {x ∈ M : ∇Z − ξ ⊗ Z = 0 for any 1-form ξ at x}, where δ, η and λ are associated 1-forms and we say that (δ, η, λ) is a solution of this weakly Z-symmetric manifold.
In particular, if Z = S then the manifold is called weakly Ricci symmetric and throughout the paper we denote such a manifold by (W RS) n . For details about the study of (W RS) n , its generalization and related works, we refer the reader the papers [17] , [19] , [66] , [67] , [87] , [88] , [96] , [97] , [99] - [101] , [108] , [109] , [111] and also references therein.
We note that Chaki pseudosymmetry is a generalization of local symmetry, Deszcz pseudosymmetry is a generalization of semisymmetry and weak symmetry by Tamássy and Binh is a generalization of recurrent manifold as well as Chaki pseudosymmetric manifold.
It may be mentioned that the concircular, conharmonic, projective and conformal curvature tensors do not satisfy the second Bianchi like identity, in general. However, conharmonic and projective curvature tensors satisfy the same if and only if Ricci tensor is of Codazzi type (i.e., [94] ). Again for the conformal curvature tensor the second Bianchi like identity holds if Ricci tensor is of Codazzi type but the converse does not hold unless the scalar curvature is constant [114] . And for the concircular curvature tensor the second Bianchi like identity holds if and only if the scalar curvature is constant [93] .
Recently Mantica and Suh ([68] , [69] , [70] ) presented a curvature restriction which is necessary and sufficient for the recurrency of a specific curvature 2-form associated to that curvature tensor. For a generalized curvature tensor B, the associated 2-form is defined as ( [3] , [64] )
where ∧ indicates the exterior product. Again for a symmetric (0, 2)-tensor Z, the associated 1-form [116] is defined as
In [68] , [69] and [70] Mantica and Suh showed that Ω
is the exterior derivative and α is the associated 1-form) if and only if
In this connection we also note that the curvature restriction
was investigated by Shaikh and Jana [100] . It is clear that on any semi-Riemannian manifold (M, g), n 3, the condition
where α is an 1-form on M, is eqiuvalent to
However, this is true for a proper generalized curvature tensor but not for other curvature tensors.
Hence for a (0, 4)-tensor T and a (0, 2)-tensor Z, we can have the following curvature restrictions:
where α is the corresponding 1-form for the restrictions. In Section 5, we examine the above curvature restrictions for the existence of the manifolds with recurrent curvature 2-form.
Weak symmetry and Chaki pseudosymmetry
We consider a weakly B-symmetric manifold whose defining condition is given in (2.3) for T = B. We note that in 1995 Prvanović [77] showed that in a (W S) n , β =β and γ =γ and then in 1999 the same was again proved by De and Bandyopadhyay [15] . Hence for a weakly B-symmetric manifold the solution (α, β,β, γ,γ) turns into (α, β, β, γ, γ). Thus the defining condition of a weakly B-symmetric manifold takes the form
Again Ewert-Krzemieniewski ( [54] , [55] ) proved that in a weakly B-symmetric manifold with solution (α, β,β, γ,γ) there exists another solution (α, σ, σ, σ, σ). We note that we can determine the 1-form σ as σ = . Hence for a proper generalized curvature tensor weak symmetry and Chaki pseudosymmetry are equivalent. In fact a (W S) n turns into a (CP S) n . We note that the solutions of a weakly B-symmetric manifold are not unique. The solution of the form (α, β, β, γ, γ) with different β and γ are studied by many authors (see, [15] , [17] , [22] , [62] , [83] , [91] - [94] , [102] - [106] , [114] ). We mention that for a proper generalized curvature tensor B if the dimension of the space
is zero, where χ * (M) is Lie algebra of all 1-forms on M, then the solution of a weakly Bsymmetric manifold is uniquely determined as (2ǫ, ǫ, ǫ, ǫ, ǫ), where ǫ = α+2σ 2
. We note that
on the subset of M of all points at which the 1-form ξ is non-zero ( [40] , Theorem 1; see also [24] , Lemma 2.1(iii)).
We now discuss the results for a (0, 2)-tensor Z to be weakly symmetric. For this purpose, we will need the following obvious properties of a (0, 2)-tensor Z.
Lemma 3.1. Let (M, g), n 3, be a semi-Riemannian manifold admitting an (0, 2)-tensor field Z and an 1-form θ.
(1) If
Now we consider a weakly Z-symmetric semi-Riemannian manifold (M, g), n 3, with solution (δ, η, λ). Then (2.5) holds.
Again, if Z is symmetric then interchanging X 1 and X 2 in (2.5) and adding, respectively, subtracting the resulting equation with (2.5), we get an another solution (δ, ν, ν) for a weakly
Again, if Z is skew-symmetric then interchanging X 1 and X 2 in (2.5) and adding the resulting equation with (2.5), we get
which yields by Lemma 3.1(1), η = λ if Z is non-zero.
Now if Z is symmetric and of Codazzi type ( [59] ), i.e.,
then interchanging X and X 1 in (2.5) and adding the obtained equation with (2.5), we get
which yields by Lemma 3.1(3), δ = η provided rank(Z) > 1. Also by interchanging X and X 2 in (2.5), we get δ = λ. Thus in this case δ = η = λ.
Again if Z is symmetric and cyclic parallel ( [59] ), i.e.,
then permuting (X 1 , X 2 , X 3 ) cyclically in (2.5) and adding the obtained equations with (2.5),
we get
This entails by Lemma 3.1(2) that δ + η + λ = 0. Now summarizing the above we can state the following:
Theorem 3.1. Let (M, g), n 3, be a weakly Z-symmetric manifold with solution (δ, η, λ).
Then we have
(2) if Z is non-zero and skew-symmetric, then η = λ. 
Thus we conclude that the solution (δ, η, λ) of a (W RS) n turns into (δ, ν, ν) such that
. The solution of the form (δ, η, λ) of a (W RS) n with different η and λ are studied by many authors (see, [17] , [19] , [66] , [101] , [106] and also references therein).
is said to be weakly T -symmetric of type-I if
where p α are associated 1-forms and the sum includes all permutation p over the set (1, 2, . . . , k + 1).
We note that this defining condition of weakly T -symmetric manifold is due to EwertKrzemieniewski [54] .
where α and π i , i = 1, 2, . . . , k are associated 1-forms.
We note that this defining condition of weakly T -symmetric manifold is due to Tamássy and Binh [121] .
is said to be weakly T -symmetric of type-III if
where α and π are called associated 1-forms. Now if we set α = 2π in (3.4) then a weakly T -symmetric manifold of type-III takes the form of Chaki T -pseudosymmetric manifold. Thus the defining condition of a Chaki Tpseudosymmetric manifold for a (0, k)-tensor is given by
We note that weak symmetry of type-III is a special case of type-II and type-II is a special case of type-I. Moreover, if we consider k = 4 in the above definition of Chaki pseudosymmetric and weakly T -symmetric of type-II manifold we get the Definition 2.2 and 2.3, respectively. 
Condition of weak symmetry and Chaki pseudosymmetry to be Deszcz pseudosymmetry
In this section we deduce the condition for a Chaki pseudosymmetry and weak symmetry of type-III to be Deszcz pseudosymmetry for a (0, k)-tensor T , k ≥ 2.
Let (M, g), n 3, be a weakly T -symmetric of type-III semi-Riemannian manifold with defining condition (3.4). Then
where J = π ⊗ π − ∇π and dα denotes the exterior derivative of α. This leads to the following: If T = R then we get the results for a (W S) n and for T = S we get the results for a (W RS) n . Now as a direct consequence of the above theorem we can state the following: (g, B) ), (iii) Ricci generalized B-pseudosymmetric if the associated 1-form α is closed and π is such is proportional to the metric tensor g,
(ii) Ricci generalized T -pseudosymmetric if φ is closed and at every point x ∈ M the tensor (φ ⊗ φ − ∇φ) is proportional to the Ricci tensor S.
We note that if at every point x ∈ M the tensor (φ ⊗ φ − ∇φ) is proportional to the metric tensor g or the Ricci tensor S, then closedness of φ is obvious. Thus the condition of closedness of φ in the above Corollary is not required. We note that the conditions of Corollary 4.5 are not necessary (see, Example 5.4 of the last section). We also mention that [30] (Section 5.2)
contains some comments related to pseudosymmetric (resp. Ricci-pseudosymmetric) manifolds and Chaki pseudosymmetric (resp. pseudo-Ricci symmetric) manifolds. 
where We note that if T is any generalized curvature tensor then the corresponding results of the above corollary are reported in many papers of De, Shaikh and their coauthors (see [21] , [22] , [82] , [84] , [85] , [89] , [90] ).
Definition 4.1. ([72]
, [79] , [115] , [124] , [125] ) A vector field V on a semi-Riemannian manifold
, is said to be torseforming if it satisfies the equation of the form
, where a is a scalar and τ is an 1-form. If ω is the corresponding
The torseforming vector field V on a semi-Riemannian manifold (M, g), n 3, is called [72] (1) recurrent, if a = 0, (2) concircular, if τ is a gradient 1-form, i.e., τ = dh, h being a scalar, (3) convergent, if it is concircular, and a is a constant multiple of e h , (4) proper concircular [124] , if τ is closed.
We now state some fundamental well known [115] results on torseforming vector fields.
(i) A non-recurrent torseforming vector field V is non-isotropic i.e. g(V, V ) = 0.
(ii) The constant multiple of a torseforming vector field is a torseforming vector field. However, if V is a torseforming vector field, then f V is not necessarily a torseforming vector field for any smooth function f . 
Now we suppose that a generalized curvature tensor B satisfies the condition
We note that if we take B = R then (4.2) turns into Walker identity [123] . By virtue of Walker identity in [54] (Theorem 1) it is shown that in a (CP S) n (and hence in a (W S) n ) the associated We mention that semi-Riemannian manifolds satisfying (4.2), for B = C were investigated, for instance, in [37] . Among other things it was proved that on any semi-Riemannian manifold of dimension 4 the following conditions are equivalent ( [37] , see Proposition 4.1):
At the end of this section we present definition of the next curvature condition of pseudosymmetry type. Namely, a semi-Riemannian manifold (M, g), n 4, is said to be a manifold with pseudosymmetric Weyl tensor ( [30] , [35] , [40] , [41] ) if the tensors C · C and Q(g, C) are linearly dependent at every point of M. This is equivalent to
on U C , where L C is some function on this set. Very recently manifolds with pseudosymmetric
Weyl tensor were investigated in [34] and [46] .
Some examples of Deszcz and Chaki pseudosymmetric manifolds
Example 5.1. Let M be a non-empty open connected subset of R 5 endowed with the metric g defined by
The non-zero components of Riemann-Christoffel curvature tensor, Ricci tensor and the covariant derivative of the curvature tensor of (M, g) (up to symmetry) are the following 4 .
Let us now consider the 1-form φ as follows: e −x 1 and
We recall that the Ricci operator S and the (0, 2)-tensor S 2 of a semi-Riemannian manifold [34] , [35] ) if its curvature tensor R is expressed as the linear combination of g ∧ g, g ∧ S and S ∧ S i.e.,
where N 1 , N 2 and N 3 are some smooth functions on M.
Evidently, on every conformally flat semi-Riemannian manifold (M, g), n 4, we have
Thus (5.1) is satisfied. 
where L i , 1, 2, . . . , 6 are some smooth functions on M.
We note that any Roter type manifold is a generalized Roter type but not conversely. We mention that non-Roter type manifolds with the curvature tensor having a decomposition of the form (5.2) were already investigated in [78] and very recently in [38] , [46] and [49] . Namely, [78] contains results on hypersurfaces in space forms having curvature tensors of the form (5.2).
As it was shown in Section 2 of [38] , the 4-dimensional manifold presented in Section 4 of [23] has the curvature tensor of the form (5.2). Some spacetimes also satisfy (5.2) ( [46] , Example
4.1).
It is easy to check that for the aforesaid manifold (5.1) does not hold but (5.2) holds with
and arbitrary smooth function L 6 . Hence the manifold (M, g) under consideration is generalized Roter type but not Roter type. We note that (M, g) do not satisfy (2.6), (2.7) and (2.8)
for T = C, P, K and conh(R), and also do not satisfy (2.7) for T = R but (2.9) holds for Z = S with α = − 
Moreover, in the above manifold S ∧ S = 0 , S ∧ S 2 = 0, S 2 ∧ S 2 = 0 and κ = − 3 2(x 1 ) 3 are also satisfied.
We note that for T = R, (M, g) fulfills (2.6) but does not fulfill (2.7). Again for T = P, K and conh(R), (M, g) do not realize (2.6) and (2.7) but realizes (2.8) for α = − 
where a is a non-zero constant. The manifold (R 4 , g) is called the Gödel spacetime [58] . It is well-known that the Gödel spacetime is a non-conformally flat manifold with the Ricci tensor S of rank one. Thus the Gödel spacetime is a quasi-Einstein manifold. The Gödel spacetime is a manifold with pseudosymmetric Weyl tensor ( [46] ):
Q(g, C). Moreover, it can be seen that this manifold is neither a Chaki pseudosymmetric manifold nor Deszcz pseudosymmetric but Ricci generalized pseudosymmetric [46] . For more details about the other curvature properties of Gödel metric see [46] . We note that Gödel spacetime do not satisfy (2.6), (2.7) and (2.8) for T = C, P, K, conh(R) except (2.6) for T = K, and also (2.7), (2.9) does not hold for T = R, Z = S respectively. So Gödel spacetime is neither of recurrent curvature 2-form for R, C, P, K, conh(R) nor of recurrent Ricci 1-form. 
Evidently, (M, g) is a conformally flat manifold with scalar curvature κ = 3(2+e x 1 ) 2(1+e x 1 ) 2 . The nonzero components (up to symmetry) of Riemann-Christoffel curvature tensor, Ricci tensor and covariant derivative of the curvature tensor of (M, g) are the following
4(e x 1 + 1) , 4 (e x 1 + 1) 2 . Thus, in particular, (M, g) is a quasi-Einstein manifold. Further, the non-zero components (up to symmetry) of R · R, Q(g, R) and Q(S, R) of (M, g) are the following
16 (e x 1 + 1) 3 . Let us now consider the 1-form φ as follows:
otherwise.
Then for this 1-form φ, the manifold (M, g) is a Chaki pseudosymmetric manifold. Now H = φ ⊗ φ − ∇φ is given by
Then it is clear that H is not proportional to g or S. Thus the sufficient condition for Corollary 4.5 does not hold, so now we can not get any conclusion for this manifold to be (DP S) 4 or Ricci generalized pseudosymmetric. Again
where
Thus by Corollary 4.7 we have
i.e., the manifold (M, g) is (DP S) 4 and also Ricci generalized pseudosymmetric. This entails that the conditions in Corollary 4.5 are not necessary for a (CP S) 4 to be either a (DP S) 4 or a Ricci generalized pseudosymmetric manifold. Moreover, for the above manifold (M, g) the curvature tensor can be expressed as
where (e x 1 + 3) (2e Hence the manifold is of recurrent curvature 2-form for P, K and conh(R) but not for R. Also it is of recurrent Ricci 1-form. g ∧ g = 0 and
(ii)
where L 1 , L 2 , L 3 and L 4 are arbitrary scalars. Again (M, g) do not satisfy (2.6), (2.7) and (2.8) for T = C, P, K, conh(R) except (2.6) for T = K, and also (2.7), (2.9) does not hold for T = R, Z = S respectively. So the manifold is neither of recurrent curvature 2-form for R, C, P, K, conh(R) nor of recurrent Ricci 1-form. (iii) We refer to [13] , [33] , [35] , [36] , [37] , [41] , [44] , [45] , [46] , [47] , [48] , [57] and [71] . 
